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®paunn I'epman

NuBepTHpOBaHHBIN penep
(franz.h-n@yandex.ru )

Paccmorpum  npousBonbHBIA  deThIpEXBepmIMHHUK A A,A; A, Ha TNPOEKTUBHOH

mockoctH (Puc.1).

AZ

Puc. 1

TpamuuuoOHHO oOmpenenTuM KOOpAMHATHBIA penep R: {AI,AZ,AS,A4}, rae
A1(1:0:O), A2(0:1:O), Ag(O:O:l), A4(1:l:l). Teneps BBIYUCIHM KOOPIMHATHI TOYEK

B;. Touka B, =AA NAA,. Ipamas AA, UMEEeT YpaBHEHHE:!
X, X, Xg X, X, X,
1 0 O|=X,—-X,=0. VpaBuenue mpsamoit A,A,:|0 1 O0|=x,=0. Pemas
1 1 1 0 0 1

X=X, =0

CUCTEMY YpPaBHEHUM: { , HAXOJIMM KOOPJMHATHI TOUYKHU Bl(O 21 1). AHaJIOTUYHO

X, =

HAaXOJUM KOOpAMHATHI Touek B, (1 :0: 1) u B, (1 o O). 3amMeTuM, 4TO KOOPAMHATBHI TOUEK
A, u B, uHBepTHpPOBaHbI OTHOCUTENBHO JApyr apyra. OTcioja M BBOJAUTCS MOHATHE
WHBEPTUPOBAaHHOTO  pemepa. Pemep  R™: {Bl,Bz,B3,A4} OyneM  Ha3bIBauMTh

HHBEPTHPOBAHHBIM pelepoM I10 OTHOILIEHUIO K penepy R.
Haiiném mpeobpa3oBaHue MIIOCKOCTH, KOTOPOE MEPEBOJIUT TOUYKHU perepa R B TOUKH

penepa R*.
mll m12 m13
ITycte Hame mnpeoOpa3zoBaHme 3amaércs Marpuned M=|m, m,, M, | #u
m3l m32 m33
Bi=M-A.

I ]
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[IpeoOpasoBanue M  OyaeM  Ha3plBaTh  NpeoOpa3oBaHUEM  KOOPAMHATHOTO
uHBepTHpOBaHus Win K — uneepcueil (He myTaTh ¢ MHBEPCUEH Ha EBKIMIOBON IIOCKOCTH).
OueBujgHO, 4YTO Takoe mpeoOpa3oBaHHE HE OJHO3HAYHO. B oOmem ciydae Takux
npeoOpa3oBaHUil MOKET OBITh 6, B 3aBUCHMOCTH OT TOTO, Kakas TOYKa OJHOTO perepa
npeoOpa3yercst B KaKyro TOUKy Apyroro pernepa. CHadanga paccMOTpUM NpeoOpa3oBaHus Uis
i=j,T.e. B, =M, A.

Brruucnum 31emMenTs! npeodpasoBanus M, .

Pa3sepuém ypasuenust B, = M, - A,. [loaydum Tpu cucTeMbl YpaBHEHHH C JEBATHIO

HEHM3BECTHBIMU M. U3 ypaBHenus B, = M, - A} nonydaem cucremy:

m,-1+m;,-0+m;,;-0=0
m,,-1+m,,-0+m,,-0=1.
m,,-1+m,,-0+m,,-0=1

Otkyna momygaem: m,;, =0, m,, =1, m,, =1.

AHQJIOTUYHO HAXOAUM U OCTalbHBIE D3JEMEHTHI IpeoOpazoBanua M,: m, =1,

011
m,=1,,m,=0,my,=1, m;, =1, m;;=0,Tee M;=|1 0 1
110
[Tokaxxem ocranmbHble IATh HpeoOpazoBanuii M, . [lns mpeoOpasosanus A, — B,
011 (1 0 1
A, > B,, A, —> B, mnomysaem mnpeobOpazosanmme: M, =(1 1 0. M,=(0 1 1
1 01 1l 1 0)
(1 10
COOTBETCTBYeT mpeoOpasoBanuto: A —B,, A, —»B;,, A,—>B;. M,=|0 1 1
1l 0 1)
(1 0 1)
COOTBETCTBYeT TIpeobpasosanuto: A —B,, A,—->B;, A,->B,. M;=|1 1 0
011
COOTBETCTBYeT IpeobOpasosanuto: A —B;, A, —»>B,, A, >B,. N nocinegnee
110
npeobpazosanne Mg =1 0 1| mnepesogur: A —B,, A, —-B,, A,—>B,. B
011
011
JanbHENIIEeM Mbl OyleM paccMarpuBaTh TOJbKO mpeobOpasoBanue M, =[1 0 1, T.
110

MCCIIEJOBAaHMS OCTABHBIX IpeoOpa3oBanHuii M, cTposITCS aHAIOTHYHO.

Paccmorpum penepnsie Tpeyronsauku A A, A, u B,B,B; (Puc. 2). Kak BuguMm, stn
TPEYrOJIbHUKU UMEIOT LEHTP MNepcHeKkTuBbl B Touke A,. PaccMoTpuM B Kakyro TOYKY
X(Xl DX, X3) npeobpasyerca Touka A,. T. e. pemm cuctemy ypaBHeHuit X; = M, -a;,
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rae a, - koopauHatel Toukn A, . Kak oka3zamock, Touka A, IpU JaHHOM NpeoOpa3oBaHUU
i 4 4

MEepPeXoUT B camy cels, T. €. OCTa€Tcsi HENOoJBIKHOW. HamomMHUM, 4TO B HPOEKTHUBHOMN
F€OMETPUU OJIHOPOJIHBIE KOOPAMHATHI TOYKHU OIPEAEISAIOTCS C TOYHOCTBIO IO MOCTOSIHHOTO

MHOXHTENSA P: X(X1 1X, X3)E X*(px1 D PX, px3), T. €. Toukd X 1 X - TOMHIECTBEHHBI
(o1Ha U Ta K€ TOYKA).

PaccmoTtpuM B 001mieM BHJie BOIPOC O HEMOJBMXKHBIX TOUYKax NpeoOpasoBaHus M.
O0o3HaunM uyepes X(X1 1X, X3) HENOJBIKHBIE TOYKU. Torga mMMeeM Takyl CHUCTEMY

ypaBHeHuil: pX; =M, - X;. Umu M, -(l— p)- X; = 0. Pa3BepHém nanHOe ypaBHEHHE:

(1-p)-

=)

11
0 1|x,|=0
10

B pesynbrare nomyuaem: (1— p)- (Xi + X; )= 0, rne p — NpOU3BOJIBHBIA MHOXHTENb.

B O6H_ICM BUJIC PCHICHUE MOXKEM 3alIMCaTh.

(xi +xj)=0

N E-NE 1
X, =0 ] (1)

IToxakxeM IpuUMepsl HETIOJBUKHBIX TOYEK.
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Touka L, =A,A,NnB,B,. VYpaBuenune mnpsamoii A,A, wumeer Bum: X; =0.
Xl X2 X3
Vpapuenue npsamoit B,B;: |1 0 1|=X,+ X;—X, =0. 13 pemenus 3Tux ypaBHeHHI
1 1 0
HAaXOIUM KOOPJMHATHI TOYKHU L1(0 11 —1). He TpynHO yOemuThCs, 4TO KOOPAWHATHI TOU
TOYKK YAOBJIETBOpsitoT cucteMe (1) ana HenmoaBMXHBIX Touek. KoopauHaTtel TOYKH
L, = A A, N B, B, naxonarcsa ananornyno L, (1 :0: —1).
ITo Teopeme Jlezapra Touku L, sexar Ha oxHoM mpsiMoil. C apyroil CTOPOHBI TOUKH

L, = A;A N B;B, ompenensior HenoxBWKHBIE TOYKH MEPECEUCHHS MPSMbIX 00pasa u

npoobpaza npeodpazosanust M, . T. o., mpsamas | = L L, Oyaer sBIATbCSA OCBIO IEPCIEKTHBEI
A 1eHTpa mepcrnektuBel B Touke A,. T. e. M, - sBIsgercd NepCHEeKTUBHBIM

peoOpa3oBaHUEM ITIOCKOCTH.
JlokaxeM JHMHEHHOCTH NpeoOpasoBanus M,. PaccMOTpuM IPOM3BOJIBHYIO MPSAMYIO,

npoxonsilyo 4depe3 Touky A,. Bo3pméM Tpum Toukm Ha 3TOM mpsmoil. He Hapymas
OOILIIHOCTH, MOXKEM B3ATh TOUKHU: A, A, U HEKOTOPYIO TOUKY X(l ‘m: n). T. K. 3TH TOYKHA

1 0 0
JexaTr Ha oxHoM mpsmoi, To 1 1 1lj=n-m=0, 1. e. m=n. Ilocie npeobpazoBaHus
1 m n

Touka A, nepeinér B Touky B,. Touka A, ocranercs Ha mecte. A Touka X mepeiér B

HCKOTOPYHO TOUKY Y = Ml - X. U3 MMOCJICAHCTO TOXKIACCTBA OIIPCACIIACM KOOPAHWHATBI TOYKHU
Y.

Yi 01 1)(1
Y, [={1 0 1{-|n
Y, 1 1 0)\n

T. o. momyyaem: Y(2n 1+n:1+ n). BoruncnuMm onpenenuTenb, COCTaBIEHHBIA U3
Ttouek B, A,, Y.

0 1 1
1 1 1 |=2n+1+n-2n-1-n=0
2n 14+n 1+n

A T. K. OIpeIeTUTENh PaBEH HYJIIO, TO, TIOTYYEHHBIE TOYKH, JICKAT Ha OJHOU MPSIMOH.

Tenepp BeIsICHUM Kak IpeoOpasyercs mpsiMasi, He mpoxojsias uepe3 Touky A,. He
HapyIIasi OOIIHOCTH MOKHO BbIOpAaTh TPU TOUKH HA MPOU3BOIBHON MPSAMOM. DTO MOTYT OBITh
Toukun A, A, u X(l n: 0). OuyeBUHO, YTO 3TU TOUYKH J€XaT Ha oAHOW mpsimoid. Ilocrme
npeoOpa3oBaHusi, BHIOpaHHBIE TOUKM Nepedayr B Touku: B;, B, u Y(n:1:1+ n). He
TPYAHO YOEAWTHCS, YTO HOBBIE TOUKHU TOXKE JIeKAaT HAa OAHOU mpsiMoi. T. 0., MBI yOeIUITUCH,
4T0 mpeoOpasoBanue M, sBusercs auHEHHBIM. Tak ke HE TPYIHO YOEOHMTHCS B TOM, YTO

TOYKM o0Opa3a W TmpooOpa3a Bcerga JekaT Ha MPsSMOW, MNPOXOMASIIICH Yepe3 IMEHTP
NCPCIICKTUBLI. I[JISI 9TOro JO0CTATOYHO BBIYUCIUTL ONPCACINUTCIIDb, COCTABJICHHBIA U3
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KOOPJMHAT TOYEK X(l:n:O), Y(n:1:1+ n) u A,. Hakonen, yOGemumcs, 4TO TOYKH

nepeceueHus MPSAMbBIX 00pa3a U mpoodpasza MPUHAIJICKAT OCH MEPCIIEKTUBBI, T. € MPsAMOi |.
OnpenenuM ypaBHEHHE TIPSIMOii |

Xl XZ X3
0 1 -1=x+X,+X;=0.
-1 0 1

VpaBuenue npsmoil A A,: X; =0 (omHa U3 NOPAMBIX B3ATOTO0 KOOPIMHATHOIO

Xl XZ X3
penepa). YpaBHenue mnpsmoir B,B,: |0 1 1|=X, +X,—X,=0. Pemmas cucremy u3
1 0 1
. X;=0
JBYX HOCJIEIHUX ypaBHEHUN Ha XOJUM TOUKy nepeceuenusi: N (1 -1 O).

X, +X,=X%X;=0
IIpsimast TOJCTAaHOBKA KOOPAMHAT ATOW TOYKHM B ypaBHeHHE mpsiMoit |, yOexmaer Hac, 4TO
N el. T. e, xkak MBI ¥ TOBOPWIH paHEe, TAaKOE MPeoOpa3oBaHKe, 337aBaeMOE ONEPaTOPOM
M, Ha3bIBaeTCS NEPCHEKTUBHBIM.
Kpome »storo ybGemmmcs, uro mpeoOpazoBanue M, dBISeTCS M HPOESKTUBHBIM

npeobOpasoBanueM. [lo ompeneneHuI0 MPOEKTHBHOTO MPeoOpPa3OBaHUSI €0 €IWHCTBEHHBIM
MHBapUaHTOM JOJKHO OBITh CII0)KHOE OTHOIIEHUE YeThIPEX TOUeK Ha npsiMoi. [lokaxkem 3To.
Cno’xHOE OTHOLIEHHE YETBIPEX TOYEK (ABCD) Ha npsMoil (Puc. 3) MOXHO BBIYMCIATH
pa3aMYHbIMU crioco0aMu. MbI OyzieM UCIOJIb30BaTh KOOPAUHATHBIN CIOCOO.

e
W ¢
Oe
e

Puc. 3

I[J'IH BBIYMCICHUA CJIOXXHOI'O OTHOIICHHA AOJI’KHBI OBITh MCIIOJIb30BAHbI JABC H3 TpéX
KOOpPAWHATHBI B3ATBIX ‘ICTI)IpéX TOYCK:

a,

iy

(ABCD)= A

1

[N
.

o o | T T
N

C1 d 1
c, d, @
Cl bl

a'2 C2 b2

B dopmyne (2) nokazaHo NpuUMeHEHUE NEPBOH U BTOPOI KOOPANUHAT TOYEK.
[Tpumep. Bocmonssyemcst Puc. 2. Touku Lz(l:O:—l), Al(l:O:O), Bz(l:O:l),
AS(O :0: l) JeXaT Ha OJHOW IpsIMOM M KOOPAMHATHI MX HM3BECTHBI. BBIYMCIMM CIIO)KHOE

OTHOIIEHHWE 3THX TOYEK. 3aMEeTHM, YTO BTOpas KOOpJAMWHATa y BCEX TOYEK paBHA HYIIIO,
o3TOMY y100Hee Oy1eT BOCIOIb30BATHCS MEPBON U TPEThel KOOpIUHATAMH.
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l,, an‘ b, a 1 1‘ ‘1 0

| a. b a -1 01 1
(L2A182A3)= 23 13 23 33| _ -1

l,, a| b, a; 1 01 1

l,, ax,| (b, a, -1 11 O

Kcratu 3ameTum, 4TO CIIOKHOE OTHOIIEHHME YETHIPEX TOUEK HA3bIBACTCSl TapMOHHUYECKHM,
€CJIM OHO paBHO -1.

Tenepb BBIUMCIMM CIOKHOE OTHOIIEHUE YETHIPEX TodeK oOpa3a u mpoobOpasa. s
3TOr0 CHOBa Bocmosib3yeMcsi Puc. 2. Bo3bMEM dYeThIpe TOUKH Al(l:O:O), AZ(O:l:O),

B3(1:1:O)1/1 X(l:n:O), Jexamue Ha OAHOW mnpsMoM. Kak pacronoxeHbl 3TH TOYKHU

OTHOCHUTEIIBHO JIPYT Ipyra Mbl HE 3HaeM. BaxxHO, 4T0OBI TOUKH 1OcIie TpeoOpa3oBaHus ObUIH
PacmooKeHbl OTHOCUTENBHO JIPYT Ipyra TOYHO TaKXe, KaK U TOYKH mpoobpas3os. [TomumM,
9TO TOYKH 00pa3a W mpooOpasa CBSA3aHBI MPSIMOM, MPOXOAIIEH Yepe3 IMEHTpP MePCIEeKTUBBL
MosxeM oCTpOUTh TaKyI0 cXeMy pacnoiiokeHus Touek (Puc. 4):

L d 4
N \ ’ 4
N \A / e B
N
N \ 2 ’ e 3
\ \ ’ .
A \ 7 s
N -
N \ / Vi
N \ ’ ’
N ’ .
N \ ’ e
A \
Y U
s N
WA
N
AR 4
[N
. N
. ’ [N
e ’ \ N
’ ’ \ N
e ’ \ \\
s 1 \ N
e ’ \ N
. / \ N
e N
R / \ N
& L L g @
z B, B, Y

BpruuciayM KoopauHaTel TOYKH Z. DTO MOKHO CHIENaTh IO PasHOMY. BelunciuTe, Kak
TOUKy mepecedenns npsambix Z = B, B, N A,B, wim, kak 06pa3 Toukn B, —2— Z . meem:

Z(l 11 2). Koopaunatsl ocTanbHBIX TOYEK HaM YK€ H3BECTHBI. Tenepb BBIYHCIISEM
CIIOKHOE OTHOIIICHUE.

01 1 1 011 n
n 10 1 1 1 110 1 1
XA A B, )= = , 7ZB.B.Y )= -
(2A13)1110 1-n (”)1n10 1-n
n 110 1 1 10 1

T. o, MBI mokasanu, 4To mpeoOpa3oBaHue M, Takxke sBISETCS M MPOESKTHBHBIM
npeoOpa3oBaHUEM.

PaccmoTpum MOCJIEeZIOBATEIHOCTH TOYEK Ha npsSIMOH AB;:
B,—ioV, My, My My oy AW W,
(Puc. 2).

Omnpenenum KOOpIUHATHI TOUKU V), (2 1 1).
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v,=my-b,+m;,-b, +m;-b, v; =0-0+1-14+1-1=2
V,=m, -b,+m,,-b,+m,-b, mm{v,=1-0+0-1+1-1=1.
Va =My -b, +my,-b,+my, b, v, =1.0+1.140-1=1

[Nonyuaem TouKy V, (2 1 1).

Omnpenenmum  koopauHaTel Toukd W, (Wl TW, :W3), KOTOpasi TEPeXOAUT TpH
npeoOpasoBaHud M, B TOUKY HMCXOAHOIO pernepa Al(a1 1a, :a3). Jlst 5TOrO0 HEOOXOAMMO
pemuTh cucremy ypaBHeHuid A = M, -W,. Ilonydyaem TOUYKy: Wl(—l 11 1). [Iponomxas
BBIYMCJICHUS, HAXOAUM CIEIylolMe Touku: V, (2 13 3), V3(6 15 5), V4(10 111 ll),
Vy(22:21:21), V,(42:43:43) u 1. 1 wm Touxm W,(-3:1:1), W,(-5:3:3),
W,(-11:5:5), W,(-21:11:11), W,(-43:21:21) u . 1.,

MOo’kHO NpEeACTaBUTD [1OJIyYE€HHBIE PE3YJIbTAaThl B TAKOM TaOJIMYHOM BUJE:

W, (~43:21:21) W, (-43:21:21)
W,(-21:11:11) W, (-21:11:11)
W,(-11:5:5) W,(~11:5:5)
W,(-5:3:3) W,(~5:3:3)
W,(-3:1:1) W,(-3:1:1)

W, (-1:1:1) W, (-1:1:1)
A(1:0:0) W, =U,(1:0:0)= A
B,(0:1:1) u,(0:1:1)=8B,
V,(2:1:2) U,(2:1:1) =V,
V,(2:3:3) U,(2:3:3)=V,
V,(6:5:5) U,(6:5:5)=V,
V,(10:11:11) U,(10:11:11)=V,
V(22:21:21) U,(22:21:21)=V,

u T. 1.. Bropoii cron6en noguépkuBaeT KOOPIUHATHOE COOTBETCTBUE MEXTy Toukamu U 1
W, . 3amedaeM, 4TO X, = X, I BCEX HalIEHHBIX TOYEK. boiee Toro, 3HadYeHNUs KOOPAUHAT

SBIIAFOTCS 3HA4YeHWsIMH 4ucioBoro psma: 0, 1, 1, 3, 5, 11, 21, 43, .... Bo3Hukaer 3ajada,
OTIpeACTUTh O0MIYI0 (hOPMYITy, TOKA3aHHOTO PsIIa.
0O0603HauMM OOIIHIA YIEH ATOTO psiaa yepes T(n), rome N= {O, 1, oo} T.e. T(O)= 0,

T(l) =1, T(2) =1, T(3) =3 u T. A.. CipaBeIIMBBI pEKYpEHTHbBIE (POPMYIIBIL:
T(h+1)=2T(n)+(-2)", 3)
T(n+1)=2"-T(n). (4)

Pemas cucreMy ypaBHEHUHUI
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{T (n+1)=2T(n)+(-1)

T(n+1)=2"-T(n)

HaxoauM GopMyTy OOIIETo YieHa, UCCIeTyeMOro psijia:
2" —(-1)"
T(n)= # ' (5)
3
Teneps MokeM B 001meM Buje npeacraButb Touku W, u U :

W, (T(n+1):T(): T(n)) = [_ Tn+1).). 1]

1)

U,@T(h-1):T(n):T(n))= 27(n-1). ;. 1]

T()

Bbrumcnsist mpepensl  KOOPAMHATHBIX BBIPAKCHUH INpU N —> 00 IOJydaeM, dYTO
W, —)U(—Z:l:l) (rouka U mnoxazana Ha Puc. 2) u U, —)V1(2:1:1). CxeMaTu4HO

npeo6pa30BaHHe, B3ATBIX TOYCK Ha Hccnez[yeMoﬁ HpOeKTHBHOﬁ HpHMOﬁ, MOZKHO IIOKa3aTb Ha

Puc. 5.
W, 1
PP L & -------- @ --------- o------—-—-- o -
’ - U Al Bl ) )
Puc. 5
. X, X3
BBeném nmpeobpazoBanusa: X =—=, Y = —. Tenepb npeoOpa3oBaHus HALIUX TOYEK
Xl Xl

MO>KEM IPEJICTABUTh B OPTOrOHANIbHBIX kKoopauHatax X, Y (Puc. 6).



©dpann I'epman Hneepmupoeannulil penep

Y A
/,pél(w,w)
Vv,
0,5 ----- o
1 05 Al R
. 1] 05 "X
| U #°--4-05
p 1
. Wl
Puc. 6
Ipunoycenue

I'pynna npeodpa3oBanmnii K -unBepcun

PaccmoTpum matpunsl E; :

100 100 1
E,=|0 1 0|, E,={0 0 1|, E,=|1 0 0],
00 1 010 00
001 010 001
E,=[1 0 0|,E;=|0 0 1|, E,=[0 1 0
010 100 100

He TtpynHo mpoBeputb, 4To 3TH MaTpullbl 00pa3zyloT HealOeneBy TIpyYIIy LIECTOrO
nopsaka. Onpezaenstormue popmyinsl (o O. 0. [lImMuary) umerot Bu:

(E2)2 =By, (E4)3 =E,, EE, =(E4)2 E,.

['pynmoBoil onepanueit 37ech ABISETCS OOBIKHOBEHHAs OMepanusi YMHOXKEHHUS IBYX
MaTpuLl.

YT00BI IOKA3aTh, 4YTO U MATpHIl M, mpeoOpazoBanust K — MHBEpCHH, MOKa3aHHBIE Ha

CTp. 2 Halero HW3JIOKEHUs, OO0pa3yloT TpyMIly, JOCTaTOYHO OINPEAENIUTh TIPYIIOBYIO
OIIEPALIUIO «©»,

Utak, dYroObl MNPOU3BECTH YMHOXEHHE JBYX OieMeHTOB rpymnbl M, o M,
HEOOXO0UMO:

1. uaBepTHpOBaTh 3eMenThl Matput M; > E; u M; - E;,

2. mpoussectu ymHOkenue EE; = E,,

3. uaBerpupoBate E, > M,

4. zanucatb M; o M; =M, .
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[Mpumep: M, oM, = M

3aMeTuM, 4TO 3TO HE SIMHCTBEHHBIN CIIOCOO OMPEIEICHHS TPYIIIOBON OMEPAIIH « o ».
Kcraru, onucannas rpynmna, uzoMmopdHa rpyIie CI0KHOIO OTHOILIEHHUS YEeTHIPEX TOYEK Ha
MPOEKTUBHOM MPAMOM, a TAKKE - CHAMMETPUYECKOU IPYIIE TPETHETO MOPSIAKA.
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