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Teopema IIugaropa

«Teopema [Tughazoa ycmanaenusaem neumo npubIUUMeNbHO
6epHOe, He3a8UCUMO OM CYUJeCMBO8AHUS YeTI08eKa»

A. Diiamrreii ([15], ctp. 200)

VYBepeH, 4yTOo OOJBIIMHCTBO U3 YMTATENIEd HA BOMPOC: MOMHUTE JIA BBI
teopemy Iludaropa, OTBETAT YyTBEpAUTENbHO. A BOT 3HAETE JIU BbI, UTO MBI —
YenoBeuecTBO UCHob3yeT Teopemy [ludaropa MUHUMYM Ha YETBEPTh, & MOKET
ObITh U MEHbIIIE? DTOT BOMPOC, CKOPEE BCETo, MOCTaBUT Bac B Tynuk. Kcraty,
yBEpPEH, 4YTO, MPOYUTaB, HEKOTOpble (QOPMYIUPOBKH (CBENEHHBIE K
omnpeneneHnto) TeopeMol [Tudaropa, Bbl, CKOpee BCEro Jaxke U HE COOO0pa3miiu
OBbI, 4TO peub UAET O MKOILHOU Teopeme. «Teopema ITudaropa, ..., HU3BEeACHA B
COBPEMEHHOM aKCHOMAaTHYECKOM M3JIOKCHUH E€BKJIMIOBON TE€OMETPHH 0
MaJIO3AMETHOTO  OnpedeneHus.  eGKIU0080U  CMPYKmypou B  JIUHEHHOM
MIPOCTPAHCTBE HA3BIBACTCS JIMHCHHAS 10 KaKIOMY apryMEHTY CHUMMETpUYecKas
(GyHKIUS Taphl BEKTOPOB (CKalsApHOe npouzgedenue), N KOTOPhIX CKaJSIPHBINA
KBaJIpaT JIOOOro HEHyJleBoro BekTtopa mojoxurenen» ([9], ctp. 70). Ho
naBaiTe BCE 10 MOPAJIKY U He OyJieM BIaBaThCsl B 3ayMHbIE JeOpU COBPEMEHHOM
MaTEMaTUKH.

Bce moMHAT emé co MKOJIbHOM CKaMbU YTBEPKIACHUE: «a KBAAPAT IUIKOC
b xBanpar paBHO C kBagpat». Vinu B CBEPHYTOM BHIE:

a’+b*=c’, (1)

N cpa3zy nonumaem — 310 Teopema Iludaropa: «Keadpam eunomenysvi
pasen cymme Keaopamog xamemos». KOHEUHO ke, Teopema 3Ta CBA3aHa C
MPSAMOYTOJbHBIM TPETOJBHUKOM, TJI€ €CTh TMIOTEHy3a M JIBA KAaTeTa U pPeYb
UIET 00 UX UITNHAX.

Puc. 1
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[IpsIMOYTOJIBHBIX TPEYTOJILHUKOB MHOTO M YTOOBI MPEICTABUTH CeOE 3TO
MHO>KECTBO HaJI0 HAPUCOBATH OKPY>KHOCTh U €€ TUaMeTp.

Puc. 2

B3sB Ha OKpY>KHOCTH NPOU3BOJIBHYIO TOUYKY M, COCAUHUB €€ ¢ KOHIIAMHU
nuaMeTpa (OTpe30K KpacHOro IBeTra Ha Puc. 2), moixydyuM mOpsiMOYTOJbHBIN
TPEYTrOJIbHUK, TJ€ IUAMETP - 3TO U €CTh TUIOTEHY3a, @ OTPE3KH, BBIXOAIINE U3
JAHHOM TOYKM — OTO KaTeTbl Hailel, B cMbiciae [ludaropa, TeopeMsl.
[Ipou3BoJILHOCTE BBIOOpPAa MCXOJHOM TOYKM HAa OKPYKHOCTH OIpeaesseT
TpeyroiabHuk Iludaropa, T. €. TOUYKM MOJYOKPY>KHOCTH JAalOT MHOKECTBO
TpeyroibHukoB [Tudaropa.

Beeryia i otpe3ku @, D u ¢ 1omKHBI GBITE cOeTMHEHB] B PAMOYTOJIBHEII
TPEYTrOJIbHUK, YTOOBI BBIMOJHSJIOCH BbhIpakeHHe (1) wWiaM OHU MOTryT OBIThH
YacTAMH KaKuX-TO JpYyrux puryp?

A 4TO CKaxeTe, YCIbIIAaB TaKyl (OPMYIUPOBKY: Keaopam ceKyujell
paeen  cymme Keaopamog kKacameiavbHuix? Bpome omsaTh  BBIpaKEHHE

2 2 2
a®+b° =cC”, HO HeT HUKaKUX KaTETOB M TUIIOTEHY3.
Ham Bunrcs sta cutyanus takum oOpa3zom. Atoputer [ludaropa Obun
TaK BEJIMK, YTO HUKOMY JaXX€ B TOJIOBY HE NPHUXOIWIO, YTO BBIPAKCHHE

2 2 2
a’+b°=c” wMmoxer OBITH CBS3aHO HE TOJIBKO C TMPAMOYTOJbHBIM
TPEYTOJILHUKOM.
Paccmotpum 3anauy Kokcerepa-I'peiituepa ([1], cTp. 43).

1. 3apaua Kokcerepa—I'peiiTtuepa.

JlaHbI 1BE€ KOHIICHTPUYECKHUE OKPY>KHOCTH, K KOTOPHIM U3 BHEIIIHEH TOUKH
A mnpoBeneHbl kacarenbHble AB=a un AC=c, npuuém kacarenbHas AC
nepeceKkaeT OHy U3 OKpyxHocTeil B Touke D (CD=D, Puc. 3).



C

Puc. 3

OxasbIBaeTcs, 4To U B 9TOM ciydae a’ +b? =c?. Kak BuguM, OTpesKH a,
b ¥ ¢ He CBsA3aHBI HU C KaKUM TPSMOYTOJILHBIM TPEYTOJIBHUKOM (KOHEYHO, W3
ATHX OTPE3KOB TAKOH MPSIMOYTOJIBHBIN TPEYTOIBHUK MOKHO ITOCTPOUTH).

Paccka3zbiBast 0 TeOpeMe «O MOCTOSIHCTBE Tutomaan» (cM. [lpunoscenue 1
K JaHHOM 3aMeTKe), BBOJAUTCS TIOHATHE JuameTpa Koibla. HamomauM:
OUAMEMpPoM KOIbYAa HA3bIBAEMC s XOPOAd KOIbYd, KACAMENbHAS K €€ HYmpeHHell
okpyscnocmu. Toraa, B paMKax JaHHOTO ompexaeicHus, otpe3ok CD=b Oyner
pammycoM  KOJNbIla,  OOpa30BaHHOTO  JaHHBIMH  KOHIICHTPHYECKUMHU
OKPYKHOCTSIMH, a 3agmaya  Kokcerepa—I'epiituepa  MoOxkeT  OBITh
chopmynupoBana, kak Teopema 1:

Ecau  O0ano komvyo, mo  pasHocmv  KEaAOpamos — KACamelbHbiX,
NPOBEOEHHBIX U3 NPOU3BOJLHOU GHEUlHel MOYKU, pPA8HA Keaopamy paouycd
KonbYya.

Puc. 4

CornacHo 3Toii TeopeMe C¢° —a’ =b* umm a® +b* =c?.

2. B3aumHoOe pacrnoJioskeHue OKPYKHOCTEH.

[TpogomkuM paccMOTpeHHE Pa3IMYHbIX CIy4aeB, 0Opa30BaHHBIX JBYMS
OKPY’KHOCTSIMU.

PaccmoTpm  nBEe  Hemepecekarolmuecss U HEKOHLEHTPUUYECKHE
OKPYXKHOCTH, PaclojOKeHHbIe 0JHa BHYTpHU apyroil (Puc. 5). Ilycts nuamerp



BHYTPEHHEW OKPYKHOCTU MPUHAJICKUT JUAMETPY BHEUIHEH OKpyxKHOCTH. U3
KOHIIOB JIMaMeTpa BHYTPEHHEH OKPYKHOCTH BOCCTABUM MEPIEHIUKYISPHI 10
NEpPECeUCHUs] C BHEIIHEW OKPYXHOCThIO. A W3 KOHIOB JMaMeTpa BHEIIHEH
OKPYKHOCTH MPOBEJIEM KacaTelbHbIE K BHYTPEHHEH OKPYKHOCTH.

Puc. 5

He TpynHO n0Ka3ath, yto ¢, —a’ —b? =c> —a’ —b?.

JlBurass 1LEHT BHYTPEHHEM OKPYXHOCTM TIO JHAMETPY BHEIIHEN
OKPYXHOCTH, MPUAEM K CIIy4ar0, KOTJa JaHHbIE OKPYKHOCTH OyAyT KacaTbCs
Ipyr Ipyra BHyTpeHHUM obpa3om (Puc. 6).

Puc. 6



OueBHIHO, 4YTO B 3TOM Cily4dae OYIET CHpPaBEIJIMBO BBIPAXKECHHUE:
a’+b*=c’.

[IponomxuM JABWIKEHHME BHYTPEHHENM OKpyxXHocTh. Ilycts Hamm
OKPYXHOCTH TMEpPECEKanT ApYyr Apyra W JAUaMeTp OONbIIed OKPYXHOCTH
ABISIeTCs ceKylie g Menbluen (Puc. 7). I3 Touku nepecedeHus cekyuiei u
e€ OKPYXHOCTH BOCCTaBUM IMEPHEHIUKYSIp D 1o mepeceyeHust co BTOpOIt
OKPYXHOCTBIO. M3 KOHIIa BHENIHEN YaCTH CEKYLIEH a NIPOBEAEM KacaTeIbHYIO K
IIEPBOM OKPY>KHOCTH C.

Puc. 7

Toraa cupasennuso Beipaxkenue: a’° +b* =c?.

[TpoBeném uepe3 TOUKy HepeceyeHHs] OKPYKHOCTEH OOIyI0 CeKyIlylo, a
u3 e€ KOHIIOB — KacaTeJbHbIE K JTaHHBIM OKpYyKHOCTsM (Puc. 8). 3ameTtum, uro
JUTSL TAHHOM CEKYIIEeW 3TO MOXHO CJielaTh YEThIPbMS Pa3IMYHBIMHU CIIOCOOAMH.
Torna cnpasennuBa Teopema 2:



(@y

Puc. 8

Teopema 2"

Ecnu 0se okpysrcnocmu nepecexaromces u ux oowas cekywas npoxooum
yepe3 MOUKY nepeceyenus, mo Keaopam cekywel paseH cymme K8aopamos
KacameibHblX.

U omsate OyneT cnpaseqnMBo Belpaxkenme: a’ +b® =c’. Temepp >tH
OTpe3KH 00pa3yloT He MPAMOYTOJBHBIA TPEYTOJLHHK, a KaKyl0-TO JIOMAaHYIO

muHu0. OYEBUIHO, YTO TIOCTPOCHHE, CIPAaBEJIMBOC IS JAHHOW TEOPEMBI,
Oynet He enuHCTBEeHHBIM (Puc. 9).

0>

Puc. 9

*
Teopembl, OTMEUEHHBIE 3BE30YKON, OTKPBITHI U JJOKa3aHbl aBTOPOM CTaThH



Urto xe monyuaercs. Eciu B Teopeme Iludaropa rooputcs 06 oTpeskax
(kaTeTax U TUIIOTEHY3€), KOTOPhIE 3aMBIKAIOTCS U 00pa3yloT MPSIMOYTOJIbHBIM
TPEYTroJIbHUK, TO 10 Teopeme 2 3TO yKE€ HE TPEYroJbHUK, a JJOMaHasl JIMHUSL.
Jlanbiie Oyaer emé nHTepecHee.

3. Teopema o Tpéx kacatejabHbIX ([3], cTp. 126).

PaccmoTpum [11Be HemepeceKaromuecss OKPY>KHOCTH, PacIOIOKEHHBIC
ApyT OT Jpyra Ha HEKOTOPOM MPOM3BOJIBHOM paccTosHud. [IpoBectu oOmue
KacaTellbHbIE K JaHHBIM OKPYXXHOCTSM MOXHO JBYMS TMPUHIIAIIAAIBHO
pa3IMYHBIMU (UMEETCS B BUAY JIJIMHA KacaTeabHbIX) ciocobamu (Puc. 10).

Puc. 10

OTpe3kn KacaTeNbHBIX, 3aKIIOYOHHBIE MEKAY TOYKAMHM KACaHUS
0003HaunM uepe3 ¢ u b. Byjem Ha3bIBaTh 3TH OTPE3KU GHEUHUM Y GHYMPEHHUM
COOTBETCTBEHHO. B cilydyae, Korjga JaHHBIE OKPYKHOCTH KacaroTCs, OTPE30K
oO1el KacaTelbHOM, 3aKJIIOYOHHBIA MEXJy TOYKaMu KacaHHus, 0003Ha4uM
yepes a v OyJieM Ha3bIBaTh €ro MPOCTO KacaTelbHbIM oTpe3koM (Puc.11).

a

Puc. 11
CrpaBeanuBa cienyromas Teopema 3:

Teopema 3" (Teopema 0 TPEX KacaTelbHBIX).

Ecnu oanvr 0se oxpyocnocmu, pacnosnodicenHvie Opye om oOpyea Ha
HEKOMOpPOM NPOU3BOJIbHOM PACCMOAHUU, MO CYMMA K8AOPAMO8 KACAMENbHO20
U BHYMPEeHHe20 OMPE3K08 PABHA K8AOPAMY 6HEUHe20 OMpe3Ka.



U B 5TOM Ccitydae Oymem umeTs IIngaroposo paseHcTBO: a° +b* =c”.

OOpatuM BHMMaHH€ Ha TO, YTO TENEPh TPU OTpPE3Ka, OObEIUHEHHBIE
paBeHCTBOM (1), y’Ke U He IPSIMOYTOJIbHBIN TPEYroJIbHUK, U HE JIOMaHas JTMHUS.
Hamm otpe3ku BooOIIe He KacaroTcs APYr JApyra, HO JUTMHBI UX BCE PaBHO
CBsI3aHBI U3BECTHBIM BhIpakeHHeM (1).

Tenepr mOKakeM BHYTPEHHIOI CBSI3b MexAy Teopemoit Iludaropa u
Teopemotii 3.

Beeném nononHuTenbHbie 0o003HaueHus (Puc. 12).

Puc. 12

[IpomoKMM BHYTPEHHIOK KacaTeJIbHYIO D 10 mepecedeHus ¢ BHEIIHEH
KacaTenbHON ¢ B Touke A. Touku B m C — TOYKH KacaHHsS OTPE3KOB D u ¢
cootrBeTrcTBeHHO. [Tycth CA = AB =t, 2R = D, 2r = d. T. k. Teopema [Tudaropa
u Teopema 3 COOTBETCTBYIOT OJIHOMY M TOMY K€ KBaJpaTUYHOMY 3aKOHY
a’+b® =c?, MOXHO TMOCTPOUTH TpeyroybHUK [ludaropa, rae ero cropoHamu
SIBIIAIOTCS JaHHBIE OTPE3KH KacateabHbIX (Puc. 13).

Puc. 13

B o6mem Buge yron a=B. C BBeAeHHUEM AaHHBIX 0003HAUYECHUN MOXKEM

g) ro_ r
2) b+t b+R-Tg(Z)

3ammcath: a=+/aD, 9=Cos(,8). A TakKe: t=R-Tg(
c
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B reomerpuueckoit onTHke ecth 3akoH bprocrepa ([16], ctp. 421) 06
YCIIOBUU TIOJTHOM TOJISIpU3AIMU JIyda CBETa, KOTOPBIHA BhIpaxaeTcs (Gpopmyioii:
n=Tg(#). MoxHO mNOpaHTA3MPOBATH ¥ BHIBECTH HEKUH 3aKOH «KBA3H
Bproctepa» ansa 1Byx cpea, KOTopblid OyieT uMeTh Bbipakenue (2). Ho mbl 31ech
ATUM 3aHUMAThCS HE OyaeM.

Ho nmponomkum Hame uccieoBaHue.

PaccmoTpuM KOJBLIO M KOHLEHTPUUYECKYIO OKPYKHOCTb, KOTOpast JEIUT
naHHOE KoJibllo Ha jaBe yacTh (Puc. 14). CnpaBennuBa clieayromas Teopema «o
IAaMeTpax TPEX KOJEID.

4. Teopema o0 nuameTpax Tpéx KoJiell.

Teopema 4 :

Ecnu okpyorcnocms denum 0annoe Kovyo Ha 8HewHee U 6HYMpeHHee, Mo
CYMMa K8aopamos OuamMempos 6HewHe20 U BHYMPEHHe20 KOolbYyd pPA6Hd
Keaopamy ouamempa 0aHHO20 KObYd.



N

Puc. 14

T. e, Iond OuamMeTpoB OTHUX KOJIEL TOXKE CIPABEIJIMBO PABEHCTBO:
a’ +b® =c?®. He npasaa 1m, 5T0 Kpacuso.

N cHOBa 3aME€TMM HOBOE KAa4ECTBEHHOE IPEICTABICHUE TPEX OTPE3KOB.
Tenepb 3TO U HE CTOPOHBI MPSIMOYTOJILHOTO TPEYroJibHUKA, U HE JIOMaHasi U3
CEKYIIeH U KacaTeJbHbIX, IEPECEKAIOIIUXCA OKPYKHOCTEH, U HE KacaTeJIbHBIC K
OKPY>KHOCTSIM, KOTOPBIE€ MOTYT Pa3ieTEThCS APYT OT Apyra Ha MPOU3BOJIBHOE
paccTosiHKe, TeNeph Hallld OTPE3KU — ATO AUAMETPhl KOHIIEHTPUUECKUX KOJIEll.
VY nuBwibHO OoraTo paBeHCTBO (1) B CBOMX reoMeTpuuecKux odpasax.

5. «Camas riiaBHas popmyJiay

Cawmoii rmaBuoit ¢opmynoit I'. Y. KonbumoB HazpiBaeT Gopmymy ([4], cTp.
26):

P2+m? = E? 3)

u niuroctpupyet e€ urypoit Teopemsl [Tudaropa (cm. [4]). A ecnu Obl OH 3HA
TEOpPEMY O IUAMETPAX KOJIEL...”?

Puc. 15

MOXHO TPOMOJKUTH HAIl JKCKypC B (DHU3UKY DJIEMEHTAPHBIX YAaCTHIL.
[IpenacraBum cebe, uto Ha Puc. 16 mokasan paspe3 Hekotoporo atoma. [lycTh



OTBEpPCTHE KOJbIIa CHUMBOJHM3UPYET COOOH SIAPO ATOrO aToMa, a JBE APYTUX
(BHEIIIHUX ) OKPY>KHOCTH — 3TO C€YEHUS OpOUTasICHl.

Puc. 16

CeromHsi COBpeMEHHOM HayKe TOYHO MU3BECTHO, YTO siApo atoma B 100000
pa3 MeHbIIe pa3mepa camoro atoma ([2], ctp. 268). T. e. oOpa3 sapa Ha Puc. 16
IIPAKTUYECKHU NpeBpamaercs B Touky. [lonmygaem Cnencreue Teopemsl 4:

CaeacTBue |

Ecnu 0an Kpye u KoHyewmpuueckas OKpYI’CHOCMb, 0elauas dmom Kpye
Ha 08e yacmu (8HewiHee KOJIbYO U BHYMPEHHUL Kpye2), MO CYMMA Keaopamos
ouamempos Koivbyad U GHYMpeHHe20 Kpyea pasHa Keaopamy ouamempa
ucxoonoezo kpyea (Puc. 17).

Puc. 17

JI1s JaHHOTO CIIEICTBUS TOXKE CIPaBEIIMBO PaBEHCTBO: a° +b* =c?.

Bce mnpenbigymme yTBepkACHHS (TEOpPEMbl) U ITO CIEACTBUE JIETKO
JTIOKa3bIBACTCSI U MBI 3/IECh ITH JIOKA3aTelIbCcTBA HE MPUBOAUM. OcCTaBisieM HUX
guTtarento. Keratu, 1Ba oTpe3ka M3 JUaMETPOB KOJIEI] Telepb MPEeBPaTHIINChH B
JTIMaMETPhI KPYTOB.

AHajiloruss C aToMOM TIOJCKa3aja Ham cyulectBoBanue CrencTBus
Teopemsl 4, a Belb U caMO SIIPO aTOMa UMEET OYEHb CJIOKHYIO U HE COBCEM
MOHATHYIO €lIE€ CTPYKTYpy. SIpo TO mpencTaBisieTcs B BUAE BOJSHOW KalulM
(mo cBoWM CBOWCTBaM), TO B BHUJE KOHIIGHTPUYECKUX c(ep co CcBOUMH
opoutansmu [5]. MbI He uckimodaeM, 4to TeopeMa 4 MOXKET MOMOYb YBHIETh
KaKOH-TO HOBBIM 3aKOH I SIEPHBIX 000j04Yek Bpoae Gopmyisl  (3)

-2’ +S, =S UM B 0OIIEM CITydae:



S,+S,=S,, (3)

rne S, =S, - MOBEPXHOCTh KAKOW-TO OpPOUTAIM HYKJIOHOB AMAaMETpoM D, a
S, = Sg - MOBEPXHOCTH caMoro siyipa nuamerpom C (Puc. 18).

Puc. 18

Boo0611ie Hyk10HHBIE OpOUTANIA BEAYT C€0s B SIAPE JOBOJBHO HE3aBUCUMO.
[lepemeniasice BHyTpHU siipa, OpOUTAIN MOTYT 3aCTaBJISATh CAMO PO MOXOAUTh
«TO Ha JIBIHIO, TO Ha TPylly W Jaxe Ha cdepy c Oyrpamm» ([5], ctp. 128).
Ceuenus Takux sjuep mokasanbl Ha Puc. 19. A 5To 3HAYWUTH, YTO B JAaHHOM
Cllydae UMEEeT CMbICI B MpuMeHeHun Teopemsl 2. B o0iieM, B Teopuu ajpa emié
OYEHb MHOTO O€JbIX MATEH.

Puc. 19

PaBenctBo (1) BoOOImIE oyeHb momyJsipHO B Hayke. He BmaBasch B
MaTeMaTUYeCKHe TOHKOCTH OTMETHM HalpuMep, YTO HATypajdbHOE ypaBHEHUE
LUKJIOUIbI (€CTh Takas KpuBas [12]), uMeeT BUI:

R*+s*=a’%,

rie R - pamdyc KpWBW3HBI IUKIOWIBI, S - HATypajdbHBIM TapameTp, a -
koHcTaHTa ([11], ctp. 144).

A xBaapar paadyca KpPUBHU3HBI O PaBEH CyMME KBaJpaTOB pajuyca
HOPMaJIbHOM KPUBH3HBI py; W KBajpaTa pajuyca I'e0JIe3MUeCKOl KPUBHU3HBI O
npou3BoJibHOM MToBepxHOCTH ([10], cTp. 187).

P’ =pi+pr



Takke OTMETUM, €CJIM B Ka4eCTBE MEPEMEHHBIX B BbIpakeHuu (1) B3SATh
OJIHOPOJIHBIE KOOPJIMHATHI MPOCKTUBHOM IJIOCKOCTH, TO BbipakeHue (1) Oyxaer
OMpeNeNsaTh OJHY W3 KPUBBIX BTOPOTO MOpsALKa: oBaibHYIO JuHHIO ([7], CTp.
56).

A eclim B KauecTBE INEPEMEHHBIX B BhIpakeHHH (1) B34Th adPpuHHBIC
KOOPAMUHBITHL, TO MOJIyYUM KaHOHUYECKOE ypaBHeHUE KoHyca ([8], cTp. 122).

B nocnennux mpumepax peub UAET yKe HE O IJIMHAX OTPE3KOB, a MPOCTO
O YHUCJIOBBIX 3HAYCHHUSIX.

Kpome toro, paBeHcTBO (1) MOXKET BBICTYIIaTh U B KauecTBE ycJIOBUs (00
3TOM cM. [Ipunoowcenue 2).

Hano Takke OTMETUTH, UTO BbIpaxkeHue (1) sl HATypajdbHBIX YHCEN
JOITyCKAaeT dIEMEHTapHYI0 mapameTpusanuio. Camas IpeBHSS mapaMeTpHU3aIs
Oba u3BecTHa emé [Mudaropy (Mo HEKOTOPHIM CBEACHHUSM OH €r0 M OTKPBLN).
Ota napameTpu3alus 3aniuchlBaCTCs] TAKUM BBIPAKEHUEM:

@2n+1F +(2n-(n+1)) = (2n? + 2n+1], (4)

3/1eChb B Ka4yeCTBE MapaMeTpa BBICTYMAET YUCIO ne N — jr000e HaTypajabHOE
gyucio (uepe3 N B Maremarnke NpuUHATO 0003HAYaTh HATYPAJbHBIN psi YUCEN:
1, 2, ..., N, ..., ©). [loncrapnss ar00bie N, TOTyYaeM LEIOYUCICHHBIC 3HAUCHHS
a, b u ¢ ns pasenctsa (1).

Emé omHo, HO yXke IBymnapameTpuueckoe BbipakeHue (1) 3ammceiBaercs
TaK:

(> —=m?f +(2n-my = (n? + m?¥, (5)

rme N>mMu meN.
['oBopst 0 KBajpaTuuyHOM 3aKoHE (1) HENb3s HEe YHOMSHYTH OJHY OYCHBb
WHTEPECHYIO TEOPEMY.

*

Teopema 5 :
Hna nr0boeo namypanvrozco wucia N ecezoa cywecmsyem K=2n+1
nOCNe008amMeNbHbIX YUCe]l MAKUX, Ymo CyMma Kkeaopamoe nepsvix N+1 uucna

pasHa cymme Keaopamos nociedyiowux N wucei, npuyuém, nepeoe Yucio 6 3moiu
nocnedosamenvhocmu a = n2n+ 1) =n-k.

Ipumepo.
n=1,k=3, a=3 noaygaem: 3° +4° =5,
n=2,k=5, a=10 nmoay4yaem: 10> +11* +12° =13° +14°.

JlokaxeM 3Ty Teopemy.
B cBépHyTOM BHAe Teopemy 5 MOKEM 3amucaTh B BUJEC PABEHCTBA!



n 2n

d(a+x) =Y (a+x). (6)

x=0 X=n+1

PaBeHcTBO (6) MOXHO MPEACTAaBUTH B 00Jiee pa3BEPHYTOM BUJIE:

a2+zn:(a+ xf =(@+n+1f +(@+n+2f+...+(@+n+ny. (7)

x=1

ITocne Hp606paBOBaHI/Iﬁ mpaBad 4aCTb 3TOI'0 paBCHCTBA IIPCACTABIIACTCA
YK€ B TAKOM BHAC:

Zn:(a+ x) +2nf(a+1)+@+2)+...+(@+n)+n°.

x=1

Coxpainasi OJJMHAKOBBIC cllaraeMble B JICBOM W MPaBOW YacTH pPaBEHCTBA
(7), momyyaeM ypaBHEHHE:

a?—2n’a—n?(1+2n)=0. (8)

Pemass ypaBHenue (8) molydaeM €IMHCTBEHHOE IOJIOKHUTEIBHOE
pelieHue: a = n(2n + 1), KOTOPOE U COOTBETCTBYET Teopeme 5.
J1st mFOOUTENel YUCTTOBBIX MCCIICOBAHUN OTMETHUM, YTO CYMMY KBaJIpaTOB IS
a=Kk;, k,, ..., K,,; Takux umcen (JeBas cymMMa paBEHCTBA) MOKHO BBIYUCIIUTE

o dhopmyire:

S _ a(n+1)3k* - 2)
n— 6 '

HNJIN

_ n(n+1)(2n + 1)(12n2 +12n+ 1)

S
6

6. 3agaua AJ1 MCCIe0BAHMS.

YucioBoil OTpe30K HaA OCH HATypaJbHOro psiga Oyaem o0o03Ha4aTh
aHAJIOTUYHO OTPE3KY MPSIMOIA: [a, b]. OTO 3HAYUT, YTO HAIll OTPE3OK COJEPKUT
HaTypaJbHBIC YHCIA OT @ J0 D BKIOUYHMTENbHO. Bech HaTypasibHBIN ps TOraa
MOKHO 0003HAa4YUTh OTKPHITHIM crpaBa oTpe3kom N E[l, oo). Torma, cnenys
Teopeme 5, MoxkeM samucats: [3....,5], [10....,14], [21....,27], [36....,44], ...
[n(2n+1),..., n(2n+3)], ... M T. A.. JIpyTUMU CIIOBaMH, BECh HATYPaJIbHBIM ps
pa3ouT Ha OTpe3kHu, KoTopble moauuHstoTcs Teopenme 5. Ho mexnmy s>Tumu



OTpE3KaMHU OCTAIKCh €lI€ YKCIia, KOTOPbIE TOKE MOXKHO OOBEAUHUTH B OTPE3KHU:
[1.2], [6....,9], [15....,20], ..., u 1. .. Bosmukaer 3anaua: Kakoii 3aBHCHMOCTH
MTOJIYMHEHBI YHCIIa B 3THUX OTpe3kax? OuyeHb TPYJHO MOBEPUTH, YTO JJIS YUCEN
MIEPBOM TOCIEIOBATENBLHOCTH CIIpaBeyinBa Teopema 5, a uyncna B OCTaBIIUXCS
YHUCJIOBBIX OTpe3KaxX HUKaKOM OOIIeil 3aBUCUMOCTH BHYTPH OTpe3Ka HE UMEIOT.
[IpoBepbTe cBOM CUIIBI HA 3TOM 3a7aue. OTKPBITUE KAET YUTATEIIA.

7. Teopema IlTosiemest

[Ipexxie yeM MOrOBOPUTH O MPOCTPAHCTBEHHBIX OOOOIICHUSX TEOPEMBI
[Tudaropa xodercss BCHOMHUTH OJJHY OYEHBb MOJIE3HYIO Teopemy. E€ aBTOopcTBO
MPUNKUCHIBAETCA MATEMATUKY W AacCTPOHOMY JApeBHEro BocTtoka Kriaenuto
[Itonemero, XUBIIEMY B MEPBOM BEKE HAIlled 3pbl. 3BYYHUT 3Ta TEOpeMa TakK:
eciu 4emvlpéxy20ibHUK BNUCAH 6 OKDPYHCHOCHb, MO CYMMA NpOU3Be0eHuUll
NPOMUBONOJIOHNCHBIX CMOPOH PABHA NPOU3BEOEHUTO €20 OUA2OHATEl.

Puc. 20

B namewm pasroBope BaxkHO oTMeTuTh Credcmeue Teopemsl IlTonmemest:
ecnu OaHHbIU YeMmbIPEXY20IbHUK ABNACMC NPAMOY20TbHUKOM, MO CHPAGeOIU80
pasencmso (1).

HenonsatHo mouemy, HO Teopema lITosnemess HUKOrga He BKIOYagach B
MpOrpaMMy IIKOJBEHOM T€OMETPUH, HO €€ MOXKHO OBLIIO BCTPETUTH, HATIPUMED, B
coopuuke onmumnuaaHbix 3amad ([13], ctp. 91), a Mexay TeM — 3TO OYEHD
nojie3Hasi Teopema. Hampumep, ucnonb3ys 3Ty TE€OpeMy JETKO M HArJsIIHO
BBIBOJISITCSL TPUTOHOMETpUYECKUE (OPMYJIbI CHHYCOB M KOCHUHYCOB ISl CYMMBI
¥ pa3HOCTH yriioB. COBETyeM UYUTATEINIO MPOJIETaTh 3TO CAMOCTOSATENIBHO.

BonbIIMHCTBO TeOpeM, KOTOpPbIE MBI 3/1€ECh pacCMaTpUBajM, OTHOCATCS K
IUTAHUMETPHUH, a, MEXAY TeM, CYIIECTBYIOT M MPOCTPAHCTBEHHbIE 0000IIECHUS
teopemsl [Tudaropa.

TpuBuanbHoe o0o61ieHue CBSI3aHO C IPsIMOYTOJIbHBIM
napayuieniorpammom (Puc. 21).



P — NIRPR [

Puc. 21

Ecniu  cropoHbl W TJaBHYIO  JUaroHajgb  IPSIMOYTOJBHOTO
napaJiiesiorpaMma 0003Ha4uTh Kak Ha Puc. 21, To moiny4ruM paBeHCTBO:

a’+b’+c*=d?, 9)
8. 3agauya 00 oxkTanTe

PaccmoTpum oMH OKTaHT KOOpAMHATHOM cucTtembl. Ha kaxxaon u3 ocei
pOM3BOJILHO BeIOepeM 1o Touke: A, B u C (Puc. 22).

Puc. 22

Yepes Tpu TOYKH BCET/ia MOKHO MPOBECTH TUIOCKOCTh, MOITOMY (pHUTypy
ABCO Oyaem Ha3bIBaTh NPAMOY20JIbHLIM Mempa’0pom T. K. TPpU TpaHH,
UMEIoIe O0IIyI0 BepIIMHY O SBISIOTCS MPSMOYTOJIbHBIMU TPYTOJIbHUKAMU C
npsiMbIM yIJioM B Touke 0. O4eBUAHO Takxke, 4Tto TpeyroibHuk ABC Mmoxer
OBITH JTIOOBIM.

[Tnomanu rpaHel MOIY4EeHHOTO MPSMOYTOJIBHOTO TeTpajzapa 0003HAUMM
gepes S.

OkasbiBaercs ([6], cTp. 58-61), uto

(SOAB )2 + (SOCB )2 +(SOAC )2 = Sf‘\BC ' (10)



[lonygyaem Takoe HETPUBHAIBHOE, MPOCTPAHCTBEHHOE 0000IIeHNEe
teopemsl [Iudaropa. 3neck ATUHBI CTOPOH MPSMOYTOJIBHOTO TPEYTOJIbHUKA (KaK
B Teopeme [ludaropa) 3amMeHeHBl IUIOMAASIMU CAMUX HPSIMOYTOJBHBIX
TPEYroJbHUKOB (TPaHU MPSIMOYTOJIBHOTO TETPad/pa) U IUIOMAIbI0 TErOJIbHUKA
ABC.

ComocraBuB 3HAa4YCHHWSIM IUIomIaaed, TmokasaHHoH Qopmynsr  (10),
NPOCTPAHCTBEHHBIC  IMMPOSKTUBHBIE  KOOPAHMHATHI, TOJIy4aeM YpaBHEHUE
HegbipodicOeH ol HenuHetnou keadpuxu([14], ctp. 322),: xZ + X + xZ = x;.

Bo3nukaer Bompoc: a MOXHO JIM PacUIMpUTh O0OOIIECHHE TEOPEMBI
[Tudaropa u panpie, rae BMECTO IUIomIanedl yxke OyayT HCHOIB30BATHCA
00BEMBI?

9. 'mmoTe3a 0 BIMCAHHOM TeTpaj/pe.

PaccMOTpuM MpSIMOYTOJIBHBINA TETPadAp, Y KOTOPOro HE MPSMOYTOJIbHAs
rpaub (Tpeyronsauk ABC) sBiisieTcss paBHOCTOPOHHUM TpeyroiabHuKoM (Puc. 23
cieBa).

Puc. 23

Tenepb paccMOTpUM NpaBUIBHBIN TETpasAp (Bce IpaHU TAKOTo TETpa’ipa
PaBHOCTOpPOHHHME TpEyroibHUKHM, Puc. 23 cmpaa), Kaxiass IpaHb KOTOPOIO
paBHa rpanu ABC. O0o3HauuM 00BEM MpaBUIBLHOTO TETpadzapa yepe3 V, a
00BEM IPAMOYTOJILHOTO TeTpasapa yepes - V. OueBUIHO, YTO U3 IPABUIBHOTO
TETpad/ipa U YETHIPEX MPSAMOYTOJbHBIX TETPAIAPOB MOKHO CIOXKUTH (DUTYDY,
NPUKIAAbIBas K TpaHsAM [PABUIBHOTO TETpadJapa TIpaHb TeETpajzapa
OpsIMOYTOJIbHOTO.  Paccu€rbl MOKa3pIBalOT, YTO [ JaHHOW  (UTYpHI
CIIPaBEIJIMBO PABEHCTBO:

VE+VE+VE+VE=V2, (11)

Bo3HukaeT rumnoresa, a CymecTByeT Ju 0000IeHue s paBenctsa (11).
ChpmynupyeM Hally TUIOTE3Y:



I'mnore3sa:

Ecnu 6 cgpepy snucan npouszsonvrwviii mempa’op oowvémom V u Ha e2o epamusx
HOCMPOEHbl  NPAMOY2OIbHbIE Mempa’sopvl, MO CHPABEOIUBO  PABEHCMEO
V7 +V) +V7+V2=V2,

JIOKa3pIBaliTE WM ONIPOBEPTANTE.

10. HeouyeBHaHbIE CBOMCTBA U CJICACTBHI.

Oxa3pIBaeTCsi, HECMOTPS HA MHOTOCOTJIETHIOI JKH3Hb TEOpPEMBbI
[Tudaropa, cymecTByOT CIEACTBUS U CBOMCTBA 3TOM YJIUBUTEIHLHON TEOPEMBI,
KOTOpbIE MOYEMY-TO HE OINUCAHbl HU TOJBKO B Y4e€OHUKAX, HO U JaXKe B
MHOTOUYMCJICHHBIX CHPABOYHUKAX, KOTOpPbIE HaM U3BECTHbI. C OJHUM M3 TAKUX
CBOWCTB MbI U XOTUM MMO3HAKOMHTH YU TATEISI.

CBOHCTBO OTHOLICHUH
Omuowenue  K6adpamoe  Kamemos,  pAaeHO,  COOMBEMCHBEHHO,

OMHOUWIEHUIO UX npoekuuﬁ HA 2UnoneHy3sy.

DTO OTHOIIEHKE y100HO BBIpa3uTh opmysoi (Puc. 24):

Puc. 24
a’ a*
F = F (12)

2
. a
Bbynem 0003HauaTh 3TO OTHOIIEHHUE OYKBOW «KCH»: P £.

He tpynHo nokazarb, 4TO M3 3TOr0 CBOMCTBA OTHOLIEHHWM CIEAYIOT U

b a E+1
OTHOWICHHUA: —=,¢&+1 U —= T Ha ocHOBaHMHM 3THX ITOJYyYEHHBIX

b* a*
GopMyN, MOXHO 3amucaTh emé HECKONbKO, MPAKTHYECKH OYEBHIHBIX,

BBIPKEHHUIA: (%) +(a?] =1u (@*+b*)f =a®+b?.

B 3akmioueHue ckaxxeM HECKOJIBKO CJIOB 00 OJHOM YacTHOM CiIy4ae
TEOpeMbl O KacarenbHOM W cekymierd (Puc. 25), KoTopoe TOXe CBSI3aHO C
Teopemoii [Tudaropa.



Puc. 25

HanomuuMm, kxak ¢opmynupyercs teopema. Eciu oana xacamenvHas u
cekywjas, NpoBeOéHHble K OKPYICHOCMU U3 OAHHOU MOYKU, MO Keaopam
KacamenvHoU paeeH Npou3eeoeHuro cexyweu Ha e€ 6HewHiw yacms. B
o6o3Hauenmsx Puc. 25 510 MoxHo 3amucats Tak: 8> =b-(b+c).

Te, KOMy 4YacCTEHBKO MPUXOAWIOCH CTaJKHBATBCS C ITOW TEOPEMOM,
HaBepHsAKa 3anaBaiiu cebe Bompoc. llouemy mnpowu3BeneHue cekymen u eé
BHEITHEH 4acThio? A 4eM Xy)Ke BHYTPEHHSSA 4acTh CEKyIIeH ¢?

PaccmoTpum Takol 4acTHBIM ciydall 3ToM Teopemsl. [lycTh kacarenbHas
M CeKyllas OmeparTcs Ha auamerp jgaHHoOW okpyxkHoctu 0. He TtpynHo
J0Ka3aTh, YTO B 3TOM CIIyyae TeOpeMa O CEKyIlel U KacaTesIbHOI Oy/eT 3By4aTh
U Tak. Ecau cekywas u xacamenvHas, npo8eoéHHble K OKPYICHOCMU U3 OOHOLU
MOuKU, ONeParomcs Ha OUAMemp OaHHOU OKPAHCHOCIU, MO K8AOpam ouamempa
pasen npouszgedeHuro cexywell Ha eé gHympenniolo yacms. Ha MareMaTnueckom
s3BIKe 9TO0 MOXkHO 3amucath: d’=c-(b+c). B 3ToM He CIOXKHO YOEmUTHCA.
CnoxuB JBa MOCJIEIHUX BBIPAKEHUS U HEMHOIO NIpeoOpazoBaB, MOJTydaeM
a?+d?=(b+c). T. e. momyunmnu BBIpAKEHHE CIPABEUIHBOE JUISL TEOPEMbI
[Tudaropa — a1 IpSIMOYTOJIBHOTO TPEYTOJIbHUKA.
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Ilpunoscenue 1
Teopembl 0 NOCTOSAHCTBE IUIOIIAAN U 00bEMA.
PaccmoTpum Kpyr, ¢ BBIKOJIOTOM TOYKOM B €ro HeHTpe. YUepe3 LeHTp

Kpyra BepTHKaJIbHO MPpOBeAEH AuaMeTp. IlycTh Touka B IeHTpe Kpyra HauUMHaeT
pacuMpAThCs, peBpanias JaHHbIA KpyT B KoJibLo (Puc. 1).

Puc. 1

byneM Ha3bIBaTh MakcumanibHO 803MONCHYIO XOPOY KOIbYd OUAMEMPOM
amozo xoabya. Ha Puc. 1 mokaszaHbl KOJblla U KPYr OJHOTO aAuamMerpa. Toraa
crpaseqyuBa cieayomas TEOPEMA

IInowaow Konvya oanHo2o duamempa pasrHa nIowadu Kpyaa 3moz0 ouamempa.

Oty TeopeMy M OyAeM Ha3bIBaTh TEOPEMOM O MOCTOSHCTBE IUIOMIA/IH.
JIeCTBUTENBHO, MYCTh AUAMETP KOJIbI[Aa €CTh BEJIMYMHA NOCTOsiHHAsA. [Ipu
YBEJIMUEHUH paJiuyca KOJbIa U MOCTOSHHOM JUaMETpPEe TOJIIUHA KOJIblla OyaAeT
YMEHBIIAThCSA CTpEeMsCh K Hyat0. Ho momaaes Kojblia IpuU 3TOM, COIJIACHO
Teopeme, OyeT ocTaBaThCsl MOCTOSHHOM.

Puc. 2

Jloka3aTenbCTBO:



Jano xonbio pammycoB R, u R,. CnemaeM JONOJHUTEIbHBIE
MOCTPOCHMS, Kak Ha Puc. 3.

B

Puc. 3

Touka O — uentp koibua. Torma uz noaobusi TpeyronbHukoB ADC u
AD _DC
DC DB’
0003HAaYEHUSAX - (Rl—Rz)-(Rl+R2)= R?, rme R — paauyc konbla. YMHOKas
Ka)XJ0€ CllaracMoe Ha 7r U pacKpbIBasi CKOOKH TojiydaeM: 7R’ —zR> =aR*. T. e.
TUIONIAIb KOJbIIa paBHA IUIOIIAAN Kpyra paaunyca R.

Teopema nokasaHa.

CDB wMoskeM 3ammcaTh TaKo€ COOTHOIICHHE: WNnu B Hamux

PaccmatpuM ¢Gopmynbl muomagyd Kpyra M JJIMHBL OKPYXHOCTHU Kak
ds
byHkiuu paguyca: S=zaR?, C=2zR. OTKyaa MOKEM 3alKcaTh: ) =C, T €.
IIpUpAallCHUE IUIOIANA PABHO JJIMHE OKPYKHOCTH.
CHoBa paccmoTpuM Kpyr. [lycTh Teneps pacumpsiercst cam kpyr (Puc. 4).

OTMeTHM Ha JaHHBIX KPYrax CETrMEHThI, CTATMBAEMbIE XOPAOW OAWHAKOBOU
JUTMHBI, PABHOM JUIMHE JUaMeTpa JaHHOTO Kpyra.



Puc. 4

*
CnpasemiuBa cnenyromasi TEOPEMA
Ob6vém mena, o006pA308aHHO20 6BpaAUjeHUEM Ce2MeHmA Kpyed B0Kpy2 ocl,
npoxoosuell uepe3 YeHmp OAHHO20 Kpyed U NApalleibHO Xopoe OaHHO20
ceeMeHma, ecmb BeIUUUHA NOCMOSHHASL U PAGHASL 00BbEMY wapa, Ouamempom,
PABHBIM XOpOe OAHHO20 Ce2MeHmd.

Byznem Ha3bIBaTh 3Ty TEOpPEMY meopemoll 0 NOCMOsIHCmEe 00béma.

1. Teopema o0 nmocTrossHCTBE 00bEMA



Ha Puc. 5 nokazaH mpou3BOJIbHBIA CETMEHT MPOU3BOJILHOTO Kpyra. Och
BpalIeHUs] X—X MPOXOJUT Yepe3 LIEHTP AAHHOTO Kpyra M MmapajulelIbHO XOpAe
naHHoro cermenta. IlycTe nnmHa paauyca kpyra paBHa R, a guHa XOp.ibl
cermenra — 0. T. 0., Twomaas CcerMeHTa OMNpEACHACTCS ABYMS JTUMHU
pa3mepamu. Teopema TOBOPUT O TOM, YTO €CIU JUIMHA XOPJAbl - BEJIMYMHA
MOCTOSIHHASI, TO OOBEM Teja BpaIllEHUs, 3aMETaeMblid JaHHBIM CETMEHTOM, HE
3aBHCHUT OT paJilyca HMCXOJHOTO Kpyra M paBeH O0BEMY IIapa, JUaMeTpoM,
PaBHBIM JUIMHE XOpAbl. JIOKaXeM 3TO yTBEPKIECHUE.

Jloka3aTeabceTBo 1

N3BectHO [1], uTO 00BEM TEnma BpalleHUs, OTPAHUYCHHOTO JIMHUECH

b
y = f(x) Bokpyr ocu OX, BeraucsteTCs 110 hopmyIte: V = 7- J‘ y2dx .

Y“
f(X) II \\
l’ ‘I
I' \ 1' l‘
P X
ol . T
! L
i
! Ny
1 ~ ‘\II
1 ~ AL/
a b
Puc. 6

B namiem ciayyae KpUBOii, OrpaHUYMBAIOLIEH TEJIO BpallleHus], OyJeT ayra
cermenTa kpyra (Puc. 7)
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Puc. 7



A xBazpaT (QYHKIMH IS 3TOH Oyrn OyaeT MMETh ypaBHEHHE Y°=R?-—x’.

d

Tenepb HHTCTPAJI MOKHO 3allkMCaTb B TAKOM BHJC! V=rx- I( - X }jX

2

Brrancisas WHTErpal, HaxO0JUM 00BEM Tena BpalICHUS:
d

2 3
d . .
V=r- I (R2 — xz)dx = n(d -R? —E]. OcTajioCch BBIYECTHh U3 ATOr0 00bEMA 00BEM
d
2
IWIHHApA V,, , JIMHa o0pasyromeil KoToporo pasHa d, a paguyc OCHOBAHHS —

3

H T. e V”=n.d.H2=n.(d.R2—dT]. Otkyna HaxonuMm o0OBEM Tena

3
BpallICHUA, 3aME€TaEMOr0 CETMEHTOM Kpyra Kak pasHoCTbh: V. =V -V, =

[Tomy4eHHBIH pe3yabTaT TOBOPUT O TOM, YTO 3TO 00BEM mapa ¢ quamerpom d.
Yro u TpeboBangoch 10Ka3aTh.

Jloka3zareabcTBO 2 (JIEMEHTAPHOE).

He tpynHo 3ameruth, uTo 00BEM Tena BpamieHus V — 3T0 00BEM
IapoBOTO cjios ToimuHoNW d. 3Has 00BEM IIAPOBOTO CerMeHTra V,, . MOXKHO

BBIYUCIIUTH UCKOMBIN 00BEM V.
O0véM  mapoBoro  cermMeHra  Berumciasercs  mo  Qopmyne  [2]:

Ve = %7;- h(3R-h).

Amm————

3
Teneps MokeM BbIUMCIUTE: V =V, —2:V,, . = n(d -R? _(i_ZJ W BblunTas

U3 3TOro 00bEMa OO0BEM NWIMHAPA, KaK MBI 3TO JENalld B MPEAbIIYIIEM
JOKa3aTCJIbCTBC, HaxoIuMm BBIPAKCHUC JJIs1 HUCKOMOT'O o0BéMma;
d3
Ve=V-V,=z-—.
6

Urto u TpeboBanoch 10Ka3aTh.



PesroMupys, MOXHO CKa3aTh, yBEIMYMBas paauyc R, HO mpu 5TOM
COXpaHss AJIMHY XOpiabl O Mbl yMEHbIIAEM IUIOMIAJb MCXOJHOTO CErMEHTa.
OxHako, 3aMeTaeMbli, NpU BpAIEHHH OOBEM, TEM HE MEHee, OCTaETcs
HOCTOSAHHBIM. T. 0., Ipy R —>o0 pa3Mep IUIOMIAAW CETMEHTAa CTPEMHUTCS K
BCIIMYMHE JUIMHBI JyTH CETMEHTa W O0BEM BpOJE KaK «Pa3sMB3BIBACTCS» IO
ITOBEPXHOCTH.

HasepHsika MHOrve U3 Bac, HauMHAsA M3y4aTh MATEMaTHYECKUN aHaJM3,
oOpamany BHUMaHME HAa HMHTEPECHYIO CBA3b MEXIY (QopMylaaMu o0BEMa M
IOBEPXHOCTH Iapa. A HMeHHO. bynem paccMaTtpuBaTh 3T (HOPMYJIBI Kak
GyHKIMHU OT paguyca: V(R) 151 S(R), KOTOPBIMU OHU Ha CAMOM JI€JIC U ABJISIFOTCH.

dVv 4 ..
Torna R [gnRS)z 47R* =S(R). T. e. mnpupameHue 0ObEMa pPaBHO
MMOEPXHOCTH I1apa. MokeT ObITh, JOKa3aHHASI TEOpEMa U PACKPBIBACT CYTh ATUX
dbopmyn? Kcratu nomobHas cBsi3b (HOpMyI1 ClipaBelJiuBa U JUIs IUIOMIAAN Kpyra
U JUIMHBI OKpyXHOCTH. OO0 3TOM MOrOBOPUM B CJEAYIOIIEH YacTH Hallen

3aMCTKH.
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Ilpunoscenue 2

Teopema o ceueHuu Topa cepou.

Toceswaw H- M.

Ecnu paouycoer mopa (a,b) u paouyc cgepoi (C) CB8A3aHbl COOMHOUEHUEM

2 2 2 .
a’+b° =c” u mop u cpepa umerom obwuii yenmp cummempuu, mo cgepa
paccekaem mop Ha 08e pagHO8eNUKUe YaCU.

PaccmoTpum Top u chepy ¢ obmmm 1ieHTpoM cuMmetpuu B Touke O (Puc.
1).

CeueHue Topa MOKa3aHO YEPHBIM ILIBETOM, CEUYEHHE C(HEpbl — CHUHUM.
JHokazatb, uto V, =V,, rae V, - 00bEM Tena, 00pa3oBaHHOIO BPAIIEHUEM AYT
Topa (UABC) u cdepst (UCDA), a V, - 00bEM Tena, 00pa30BaHHOTO
BparieHuem ayr tTopa (U AEC ) u cdepsl (L CDA) BOKpYT BEpTHKAIBLHOM OCH.

Y

Puc. 1
3nece r,=a, r,=h, R=c
Jloka3areJibCTBO:

OO0BEM V, MOXHO BBIYMCIHTH KaK Pa3HOCTh OOBEMOB OOpPA30BAHHBIX
BpamieHueM a1yru U ABC u gyru U CDA.

V, = er_r'%(w/rz2 -y + rl)zdy— er_rf(rf +r) - yz):iy =
0 0



r, 2 2
= 27r“‘2r1 r; —y*dy = 47zr1(% ry—y? +%Arc sinl) =z°nr;.
0

r ),
.. 1
W3BecTHO, 4TO 00BEM TOpa paBeH V = 2x°r,r;, CIe0BaTeIbHO, V, = EV ,a

OTCIOJIa 3aKJIro4yaeMm, 4To V, =V,.
Yrto u TpeboBaIoCh 10Ka3aTh.

Puc. 2

Pa6ora nepenana B PAH



